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EXISTENCE AND BEHAVIOR OF SOLUTIONS FOR
CONVECTION-DIFFUSION EQUATIONS WITH THIRD TYPE BOUNDARY
CONDITION
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ABSTRACT. In this paper, we study a nonlinear convection-diffusion type equation with initial
and third type boundary condition in the general case. We obtain the sufficient conditions under
which the existence and uniqueness of the generalized solution for the considered problem is
proved. Moreover, we investigate the long-time behavior of the solution and prove the existence
of absorbing sets in two different spaces.
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1. INTRODUCTION

Consider the problem

ZLJrLqug(wvt’U) :h(a:,t), (xat) EQTy (1)

u(z,0) = uo(z), = €Q, (2)
= ¢(z,t), (v,t) € I'r, (3)

ou
(81/ + k:(a:,t)u) .

here Q C R™, n > 3, is a bounded domain with sufficiently smooth boundary 09Q2; Qr = Qx(0,7),
I'pr =00 x [0,T]; T is a positive number; L denotes the second order linear elliptic operator in
divergence form;

Lu:=— Z Di(asj (x,t) Dju) + Zbi (x,t) Diu + c(z, t)u,

i,j=1 i=1

where a;;, b; and c are given coefficient functions, (i,j = 1,...,n) and g—;f is defined according to
L as following form,;

ou -
% = Z aij (l‘,t) Dju Vi,
i,j=1

where v is unit normal vector.

g:Qr xR — R, k: 't — R and up :  — R are given functions; h and ¢ are given
generalized functions. Here u(z,t) is an unknown function which can represent temperature for
heat transfer, species concentration for mass transfer or in general the quantity of a substance.
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As known, many physical problems involving convection and diffusion processes occur in fields
where mathematical modeling is important such as physics, engineering, astrophysics, oceanog-
raphy and particularly in fluid dynamics and transport problems. Therefore, the existence and
behavior of solutions for Convection-diffusion equations have been the subject of study of many
authors (see, for instance [4, 5, 11, 13, 21)).

In [2], Boni considered the following

aat: — Z 88%(@@- (a:) 88;1;) + a(a:)f(u) = 07

ij=1

with nonlinear boundary condition % +b(z)g(u) = 0 and investigated the asymptotic behavior
of positive solutions. In [7], Li and Li considered similar nonlinear divergence form parabolic
equation with nonhomogeneous Neumann boundary conditions. They established the conditions
on nonlinearities to guarantee that the solution exists globally.

Convection Diffusion equations with homogeneous Dirichlet boundary conditions have been
studied extensively: In [12], Porzio considered u; — div(a(z,t,u, Vu)) = 0 with the Dirichlet
boundary condition and showed the existence and uniqueness of the weak solution under the
Leray-Lions structure conditions, also investigated the long time behavior of the solution in
L,(92) where r > 1 and in Lo (92). In [18], Souplet considered

0
8—1; — Au = |[ufPtu —bVul|!, p>1,¢>1,b>0,

with homogeneous Dirichlet boundary conditions. Sufficient conditions for blow-up, behavior of
blowing-up solutions, global existence and stability are investigated depending on the relation
between p and ¢. In [10], Ma considered the classical semilinear parabolic equation

up — Au = |[ulPlu, 1<p<

2
nt if n>3; p<oo if n=1,2,

n—2
with homogeneous Dirichlet boundary condition and the existence of global solutions is obtained.
In [3], Chen, Fila and Guo dealt with equation u; = Awu + f(u) with the Dirichlet boundary
condition and determined the sufficient conditions on f which guarantee that the solution is
bounded if it exists. Also in [17], Song, He and Zhang investigated the long-time behavior for
the nonlinear parabolic equation

p—1

u — dAu + alulPtu + ij(x)uj =0, d>0,a>0, 1<p<3

j=1
with homogeneous Dirichlet boundary condition. Soltanov, in [14, 16], dealt with following
equations

Ip(u)
ot

=Y "Dil(ai (t,3,u) Diw) + b; (t, 2, u, Du) + ci(t, 2, u)] + f(t,2,u) =0,
i=1

with nonhomogeneous Dirichlet boundary condition and obtained the sufficient conditions for
the solvability of the considered problems.

In our previous study [6], we considered problem (1)-(3) with homogeneous initial condition
and proved the existence of the generalized solution by using a general result. Also, we proved
the uniqueness of the solution only for a model case of the problem.

In this paper, unlike of the mentioned, we consider a nonhomogeneous, nonlinear convection-
diffusion equation by taking mapping g in general form with nonhomogeneous third type (Robin)
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boundary condition in a bounded domain  C R™ (n > 3). In Section 2, we give some prepa-
rations for our consideration. In section 3, we give the existence result obtained by using same
method as in [6]. In section 4, we obtain two results on the uniqueness of the solution under
different conditions on the mapping ¢. Finally, in Section 5, we investigate the long time behav-
ior of the solution. Firstly, we give some results on the behavior of the solution in L2(€2) when
the equation and boundary condition are homogeneous; secondly, we prove the existence of the
absorbing sets in the autonomous case of the problem.

2. SETTING OF THE PROBLEM AND THE MAIN CONDITIONS
We investigate problem (1)-(3) when generalized functions h and ¢ belong to
Ly(0, T3 (W5 ())*) + Lg(Qr)
where ¢ > 1 and Ly (0, T (WQ_%(GQ)), respectively.

Consider the following conditions:

(1) The coefficients a;; € Loo(Qr), a;j = aj; is satisfied for all 4, j = 1,...,n and there exists
a constant 6 > 0 such that

> aij(x, &g > 0
ij=1
holds for all £ € R and a.e. (x,t) € Q7.

(2) The function g is a Caratheodary function in @7 X R such that there exist a number
a > 1 and some nonnegative functions gy € La+1(Q71), 91 € Loo(Q7) which satisfy the

following inequality for all 7 € R and a.e. (z,t) e Qr:
l9(z,t,7)| < g1(2,t) |[7|* + go(=, ).
(3) The function k belongs to Lo (0,7 Ly,—1(09)).

We introduce the following space:
Py = Lo(0, T; W) N Lot 1(Q7) N W0, T; (WEHQ)*) N {u : u(z,0) = up}.

A solution of the considered problem is understood as following:

Definition 2.1. A function uw € Py is called the generalized solution of problem (1)-(3) if it
satisfies the equality

T

//udxdt—i—/ (x,T)v(:n,T)dw—/ (z,0)v(z de—l—//ZaU (x,t) DjuD;vdzdt
Q

0 L)= 1

T T T T
+//Z x,t) Diu vdxdt—i—/ ez, t)uvdzdt + //g(x,t,u)vd:vdt—l—//k(x,t)uvdxdt
0 =1 0 0 Q

0 90
T
= / hvdxdt + / / pvdzdt,
Q 0 o0

0
for all v € Ly(0, T; W) N Las1(Qr) N WL, T; (WEH(Q))*).



212 TWMS J. PURE APPL. MATH. V.8, N.2, 2017

3. SOLVABILITY OF PROBLEM (1)-(3)

In this section, we give the existence result:

Theorem 3.1.  Let conditions (1)-(3) be fulfilled and the following conditions be satisfied:
(i) Let functions b; and ¢ belong to Law+) (Qr), for alli=1,...,n and LLﬂ(QT), respec-
a—1 a—

tively.

(ii) There exist some numbers g > 0 and go > 0 such that

g(l’,t,{)f > 5’1 ’€’a+1 - .&3

holds for all £ € R and a.e. (z,t) € Q.

(iii) There exists a number ko > 0 such that k(z,t) > —ko > _%, holds for a.e. (x,t) € I'p

where 0 < 01 < min{g,g} such that 0 < 5 <0,0<4q<g. (Herecs is a constant of
Sobolev’s embedding inequality' [1]).

Then problem (1)-(3) is solvable in Py for any (h,¢) € [L2(0,T; (W%(Q))*) + Lat1(Qr)] X
_1 o
Lo(0,T; Wy 2 (89)) and ug € W) N Lasr ().

For the proof of this theorem, we apply the existence theorem from [15] (see, [Theorem 3,
15]) to problem (1)-(3). We need to make a shift to have the zero initial condition. By using
the transformation v(z,t) := u(z,t) — up(z), we can rewrite problem (1)-(3) in the following:

(3(1);—tu0) + L(v+up) + g(z, t,v + up) = h(z,t),
v(z,0) =0,
(5(0(;;110) + E(z,t) (v + uo)) . = p(z,1).

Now let define the corresponding mappings:

f={f, f2}: Py — Lo(0,T; (W3 (Q)*) + LaTH(QT%

where
fi(w) := L(v +ug) + g(x, t,v + ug),
fa(v) := 8(1}8—;1«)) + k(x,t)(v+ up)
and

A=1d: PO — PQ.
We show that the conditions of the existence theorem from [15] are satisfied by proving the

following lemmas.

Lemma 3.1. Mapping f is weakly compact® from Py to Ly(0,T; (Wa(2))*) + Lot (Qr), under
the conditions of Theorem 3.1.

Uullzp o0 < csllullws o
2Let X,Y be separable Banach spaces, F': D(F) C X — Y is weakly compact iff any sequence {z,} C D(F)
weakly convergent in X has a subsequence {z,, } such that {F(z,,)} is weakly convergent in Y [15].
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Proof. 1t is clear that linear parts of f are continuous since they are bounded. Let investigate
the nonlinear part of mapping f. For the nonlinear function g, we have

otl 1 atl
% - +1 %
lo ot + )l gy <2 (191 155 gy 1o+ w0l o+ 90 1 ) )
which means ¢ is a bounded mapping from Py to La+1 (Q7).
Let {v,} C Py and v, — v in By. Then v, — v in Lo4+1(Q7). Since

Ly(0,T; Wy () N W3 (0, T; (W5 (2)%)) = La(Qr)  (compact embedding [9)),

then 3 {vp, } C {vm} such that v,, — v almost everywhere in Q7.
Using condition (2), we have g(z,t,.) : R — R is a continuous function. Then according to a
general result (see Lemma 1.3 in [8]), 3 {vm, } C {vm} such that

g(x,t, vm, — glz,t,v).
( m)LaH(QT) (z,t,v)

So, we obtain that mapping g is weakly compact from Py to Lo (0, T; (W3 (2))*)+ Lasw1 (Qr). O

Lemma 3.2. Mappings f and A generate a coercive pair on Lo(0,T; W3 (Q)) N La1(Qr) under
the conditions of Theorem 3.1.

Proof. Tt is enough to see that mapping f is coercive on La(0,T; W4 (2)) N La41(Qr), since A is
an identity mapping. Using Hélder, Young and some Sobolev embedding inequalities ® [1], we
have the following:

01 — kocs [ K

(@) dar >

Here 61 := min{f — ¢, g, — €’} where ¢, ¢ are small enough and
K = K(b1, ko, c1,¢3,T, go,meas(Q), ||ai;l| 1o @r)» 1Pv0l Lo (@r)» 10l Lo sy () (10l L 01y (@7)5
a—1

v +u0HL20TW2(Q))+HU+UOHL +1(Q7)

le HLQH @) 1911 20(@r): 19011 L o1 @) 1ol 2o 0720100 )
Thus from the previous 1nequahty and the conditions of Theorem 3.1, we have the following;:
1

||U ”LQ(O,T;WQ1 ()NLat1(QT)

(f(0),v)Qr = 00 as |[|v]l Ly 0.1:Wid(Q)NLasr (@) — O -

O

Proof of Theorem 3.1. Using Lemma 1 and Lemma 2, we obtain that all conditions of the
existence theorem ([Theorem 3, 15]) are satisfied for the mappings f and A. So applying
the general theorem to the problem, we obtain that the problem is solvable in Py for any

1
(h, @) € [L2(0,T5 (W3(2))*) + Lasa (Qr)] x L2(0,T; W, *(99)) and ug € W (2) N Lat1 ().
Consequently, we find the solution of problem (1)-(3), u(x,t) = v(x,t) + up(z). O

4. RESULTS ON THE UNIQUENESS OF THE SOLUTION
In this section, we investigate the uniqueness of solutions for problem (1)-(3). Assume that
the following conditions are satisfied:
(i') Let b € Loo(0,T5 Ln(€2)), (Vi =1,...,n) and ¢ € Loo(0,T; L2 (€2)).

(ii") Let one of the following conditions be satisfied:

M2y < Nl o+ 1Dul, ) + ¢ Tullz oy 0o < etllullvy )
n—2
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(a) There exists a number ¢ > 0 such that ¢(x,t) > ¢ holds for a.e. (x,t) € Qr and
oo + e[|kl L omiz, 100y < 0 <min{fy, c}

holds for some @ > 0.
(b) There exists a number kg > 0 such that k(z,t) > ko for a.e. (z,t) € I'r and

oco+ch HCHLOO(O,T;L%(Q)) < 6 < comin{6y, ko}

holds for some § > 0.
Here 6, < 0, o = sup|\bill;_ (07,1, () and co is a constant of Sobolev’s Embedding
’L‘ K k) n

inequality®[1].
Our main results are stated below. The result in Theorem 4.1 is obtained when nonlinear
function g is taken as smooth function. Other result in Theorem 4.2 is obtained when function
g satisfies the local Lipschitz condition.

Theorem 4.1. Let conditions (1)-(3) and (7), (il') be fulfilled. Furthermore, assume ge €
LOO(O,T;L%(Q)) and there exists a number g > 0 such that ge(x,t,8) > —g holds for all £ € R
and a.e. (z,t) € Qr. Then the solution of problem (1)-(3) is unique in Fy.

Proof. Let u,v € Py be two different solutions of problem (1)-(3). Let define w := u —v. Then
for w, we have the following problem:

%—FLw—l—g(x,t,u)—g(x,t,v):0, (z,t) € Qr,
w(z,0) =0, x € Q,
(52 + Kz, hw) | =0.

Multiplying the equation by w, then using the integration by parts and the conditions, we get:

wdaz+/2az] (z,t) Dwadm+/Zb (z,t) wader/ (z,t)w’dz

q =1
—i—/[g(:):,t,u) —g(z,t,v)]wdz + /k(m,t)de:): =0. (4)
Q o0
Case (a): Considering case (a) in (4) and using Young, Holder inequalities, we have the
following
1d ~ o
A R e S

where 6 := min{6, Z} —oco — C]_||k||Loo(07T;Ln71(aQ)).
By solving the last inequality, we obtain

[ ®lIF @) < T0(0)]7,0pe ="
Here if we consider w(0) = 0, then we obtain w = 0.
Case (b): Considering case (b) in (4) and using Holder, Young inequalities, we have

1d ~
SPTLL 17,0 < —(0 = 9)llwlZ, o
where 0 := comin{0, ko} — oco — C%HCHLOO(O:[“;L%(Q)).

4
HUHL%@ < co l[ullwy @)
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Thus we obtain

lw(®)]IZ,@) < lw(0)]3, e 09"

which completes the proof of the theorem. O
Theorem 4.2. Let conditions (1)-(3) and (7), (id') be fulfilled. Furthermore, assume that

lg(x,t,&) — g(:c,tm)! < g1z, ) (1€ + [n]*h)IE =l

holds for all {,n € R, 1 < a < 15 and g1 € Loo(Qr). Then the solution of problem (1)-(3) is
unique in
Loo (0, T Wy (2) N W5 (0, T; (W2 (2))") 0 {u  u(x, 0) = uo}

Proof. For the proof of this theorem, we have the following estimation for the nonlinear part as
distinct from the proof of Theorem 4.1:

(g(x,t,u) - g(x,t,v),w>g > _€HwH[2/V21(Q) - gHwH%Q(Q)a

~ 200 112 -1 2 ‘
where g := c(e)cgllgrll7 g, (Ilu ‘Loo (07D o1y (2 ))+HU”%OO(O,T;L(Q,M(Q))) and ¢ is small enough.

If we use the last inequality in (4), we obtain the following inequality for the cases (a) and (b):

lo@)112 ) < lw(0)]2, e 209",

that completes the proof of the theorem. O
From the obtained inequality in the proof of the above theorems, we get the following:

Corollary 4.1. Under the conditions of Theorem 3.1 and Theorem 4.1, for any ug € W3 (Q2) N
Loy1(R2) and any T > 0 there exists a unique solution u € Py of problem (1)-(3). The mapping
ug — u(t) is continuous in La(S2), i.e. the solution depends on the initial data continuously.

5. BEHAVIOR OF SOLUTION OF PROBLEM (1)-(3)
5.1. Homogeneous Case: h(z,t) =0, ¢(z,t) = 0.

Theorem 5.1. Let h(z,t) =0 and p(z,t) =0 for problem (1)-(3). Assume that the conditions
of Theorem 3.1 and Theorem 4.1 are fulfilled such that condition (ii) in Theorem 3.1 is satisfied
with go = 0. Then the solution of problem (1)-(3) satisfies the following inequality:
2”“0"% Q e~ ot
el o (8) < S~ ——
K g 3 (e Z2K0 — 1) + 2]

where Ko = Ko(0, 0, ¢, ko, el 0.7 ()5 |Fll Low (0.7:L -1 (02)): €05 €1, €2) > 0 and

Ki=K; (gl, cs,a) > 0. (Here, cs is constant of embedding inequality °.)

Proof. Let make use of Lyapunov functional F(t) := 2HU||L2(Q)( ) where v(t) € Lo(£2), Vt > 0.
If we take u instead of v such that w(z,t) is the solution of problem (1)-(3) and compute
F'(t) = [uuidz, then we obtain the following inequality by using integration by parts and

Q
making use of some calculations:

F'(t) < =0l1Dull3, ) + D _lbillz, ) HDiUHLz(Q)HUHL%(Q) —gllul it o
i=1 "

Plullzosic@) = esllull Ly
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—/c(w,t)u2d$ — /k(x,t)u2d$

Q o0N

< ~0Dul 0 + ool gy — sl — [elo i~ [kt (6)
Q 0N

Now inequality (5) will be considered separately due to condition (i3').
Case (a): Consider case (a) in (5). By using Holder, Young inequalities and making some
calculations we have
atl
2

F'(t) < =Ko F(t) — K1 F(t)

where K = 2gNlcg‘+1 and Ky = 2 <min{9,r5} —ocy — Cl||k||Loo(O7T;Ln71(aQ))) .

Case (b): Consider case (b) in (5). Making use of similar calculations as in above we have
the following

a+1
2
Y

F'(t) < —K3F(t) — K1 F(t)

where Ky = 2gNlc§‘+1 and K3 =2 <62min{0, ko} —oco — C(Q)HC||LOO(07T;L7L (Q))) .
2
For both of these cases, if we denote K\ := max{Ko, K3} and define p := 0‘7“ > 1, we have
the following differential inequality:
F'(t) < —KoF(t) — K1 F(t)".

If we solve this inequality considering F'(0) = %HUOH%Q(Q) and making use of the substitution
v = F(t)'"?, then we have

K

o(t) > v(0)eP~VEot _ ZL(q _ (p=DKoty,

Thus we obtain following inequality
F3%(t) > F'2°(0)e"z Kot
which completes the proof of this theorem. O
Corollary 5.1. Under the conditions of Theorem 5.1, for the solution of problem (1)-(3),
[ullZ, () () < lluollZ, e~ """
is satisfied where Ky = Ko(0, ko, 0, co, 1, C2, HCHLOO([LT;L%(Q)), ¢, &N 2og (0,752 1 (892))) > 0.

Corollary 5.2. Under the conditions of Theorem 5.1, for the solution of problem (1)-(3),

a+1
QEHUOH% Q)
[ullZ, 0y () < : 3

a+1

(0 = Dlfuolg iy Kt +2°F | ™

is satisfied where K1 = K1 (g1, cs, ) > 0.

Corollary 5.3. Under the conditions of Theorem 5.1, the solution goes to zero as t — oo
independent of initial function ug.
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5.2. Nonhomogeneous Case. We investigate the behavior of solution for problem (1)-(3) in
autonomous case; 1.e.

— ZDi(am ) Dju —i—Zb ) Diu + c(x)u + g(x,u) = h(x), (6)
ij=1

u(r,0) = uo(z), )
(Ge+ron)| = vto) 0

I'r

Taking into account Theorem 3.1 (existence) and Theorem 4.1 (uniqueness), we obtain that for
all ug € Wi () N Lat1(Q) and T > 0, there exists a continuous mapping uy — u(t). It should
be noted that this map satisfies the conditions of semiflow for the autonomous case (see [20]).
In what follows, we always assume that {S(t)}+>0 is the semiflow generated by the solutions of
problem (5.2)-(5.4) with S(¢t)up = u(t).

5.2.1. Existence of an absorbing set in La(£2).

Theorem 5.2. We assume that the conditions of Theorem 3.1 and Theorem 4.1 are satisfied.

The semiflow {S(t)}i>0 has a bounded absorbing set in Lo(Q) for any (h,p) € [(W3(2))* +
_1

Lat1(Q)] x W, 2(09), i. e., there exists a bounded set ,

1

Br = {u € La(Q) : [|ul ) < (K)2}

with K = K(.,g\/la .&E)? meas(Q), ||h||’ ||SDH7 Hk;HLn,l(aQ)’ ||CHL%(Q)7 «, 0, kO, za g, Cp, C1, C2, 64)6 such that
for any bounded subset B in Wa(Q) N Lat1(R) and for any & > 0 there exists a t) = t3(B, ) > 0
such that S(t)B C By for every t > t9.

Proof. This proof is similar with the proof of Theorem 5.1 as making use of the same Lyapunov
functional F'(t). We compute F'(t) and use Holder, Young inequalities, so we obtain the following

F(t) < ~61Dul} 0 + ocalullgioy ~ Gllulf L o) + domeas() ~ [ ele)ulda
Q

—/k(x)UQde +2e1Jullfyy o) + 2e1llull?, . @) + el + eallullfyy g + cle2)eillel®. (9)
o0
Case (a): Considering case (a) in (9), we have the following differential inequality:
F/(t) < —KlF(t) + K(),
where K7 = 2 (min{@, ¢} —ocy — callkllz,_,00) — 261 — 62) > (0 and

Ko = g1 + gomeas(Q) + c(e1) [A]]* + e(e2) el
By the Gronwall Lemma, we obtain the following inequality:

Ky

2 2 —Kit
Hu||L2(Q)(t) < HU0||L2(Q)6 ! 4—2?1

Consequently we can find a t) for given § > 0 that is ¢ = 1% In (M) such that

K
2 0
[l () <6+ QE

ORIl = 11l w; - HLast () llell = Tlell <
2

2 (80
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holds for all ¢ > #J. Thus we find that

K
Biys = {u € L2(Q) : ||lul| 1) <4/ + 2??}’

is an absorbing set in Lo (€2).
Case (b): Considering case (b) in (9), we obtain the following differential inequality:

F'(t) < =Ky F(t) + Ko,

where Ky = 2 (@mz’n{@, ko} — oco — CgHCHLn(Q) —2e1 — 52) > 0. Using the same way we also
2

obtain an absorbing set. O

5.2.2. Existence of an absorbing set in W4 () N La41(£2). In this subsection, we will investigate
the existence of an absorbing set in W4(2) N La+1(£2). Here we take differential operator L by
the following simple form with b; =0, Vi =1,...,n

U= —ZD,-(aZ- (z) Diju) + c(z)u.
i=1
Thus we rewrite the problem (6)-(8) in the following:
ZD a (2) Dy) + ew)u + g(z.u) = h(a). (10)

(i, 0) = uo(), (1)
(Ge+ k)| =v) (12

I'r
Here to investigate the posed question, we assume that all data functions possess some smooth-
ness and solution u belongs to W3 (0,T; W3 (Q)) N W2, 1(0,T; Lat1(R)).

Theorem 5.3. Assume that the conditions of Theorem 8.1 and Theorem 4.1 are fulfilled such
that condition (ii) in Theorem 3.1 is satisfied with g(x,0) = 0 and for all £ € R, £ # 0,

0 <(a+1D)G(x,8) <g(z,8)¢
is satisfied where G(z,u) == [ g(z,7)dr. Then the semiflow {S(t)}+>0 has an absorbing set in
0
W) N Lay1() for any h € La() and ¢ € Ly(09).

Proof. Assuming that the solution is smooth (as mentioned above), let multiply equation (10)
by u; and integrate on 2. Then using integration by parts, (12) and the assumption of the
theorem, we have

d |1 [ 1 1
||ut|\2L2(Q) + 7 2/2% (z) (Dsu)?dz + 2/c(x)u2dx + /G(x,u)dw + 2/k(x)u2dx
o =1 Q Q

oN
—/h(x)udx - /cp(x)uda: =0

Q onN
which gives following inequality:

/Zaz )2dx + ;/ (z)uldx + /G(:r,u)da: + ;/k(x)qux

Q Q o0N
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—/h(:ﬂ)ud:p - /go(a:)udx < 0. (13)
Q [2}9]
Denoting by

/Zal ) (Dgu)2da + /( )quﬂc+/G(m,u)dm+

o =1 Q

+2/k(x)u2d:r: - /h(w)udiv — /SD(fU)Ud-Tv
a0 Q oQ

and considering (13), we obtain that %y(t) < 0 forall t > 0.
Now let multiply (10) by u and integrate on 2. Using integration by parts and (12), we have

1d
2dtHuHL2 /Zaz ) (Dju) d:1:+/ (x )u2d:1:—|—/g(m,u)udx—i—/k(a:)uzdx

q =1 Q a0

- / h(z)udz — / o(2)udz = 0. (14)
Q o0

Case (a): Consider case (a) in (14). By using the assumptions of the theorem, we have

n

1d 9 5
thH HL2 —i—/Zaz ) (Dju) dx—i—/ (x)u d:L‘+(oc+1)/G(:r,u)dx
Q

o =1 Q

+ / (z)ulda — / h(x)udz — / oz udz < 0.

onN Q onN
Making some calculations, we get

1d 1
5 Tl o+ 5O1DuIR 0 + 5l ) = eIkl oyl g + 3(8) <O

2
that follows

1d 1 . ~
5 iUl + 5 (mind0, €} = etllklz, . om ) Il q) +u(t) < 0.

Since min{f, ¢} — c1llklz,_,90) > 0 by the assumptions, we obtain

y(t) < I3l g0
Here using the inequality obtained in the proof of Theorem 5.2, we get

y(6) < Kl ) + Ko
that follows 1
y(t) < §K 10+ K) + Ky
for all t > #3. So, we get the existence of a constant M; = M;(K,5) > 0 such that
y(t) < My, Vit >t (15)

Consequently, from (13) and (15), we obtain that y(t) is decreasing and bounded by a constant
that is independent of ¢ for ¢ > tg.
Making some calculations, using Holder and Young inequalities, we get

1 1~ 1
SOIDUlL, ) + 5 ellullL, ) = serllkliz, oo lullivy o) + 93llullz, ), o) — gameas
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<M1+52||UHW1(Q +erllullZ,q) + cle)blZ, @) + cle2)Ellel 7,00

where g3,94 > 0 are some constants such that G(z,u) > g3|u|**t! — g4. Hence we obtain there
exists a constant My = Ma (M1, g3, ga, 3, [|1]| o) 1€] Lo (a0)) > 0 such that
(min{0, % = 261} = e1llkllz, o0y — 222 ) luliy o + 203l ) < Mo
that follows
lullywg ) (8) + ull oy () (8) < M, VE > 85
holds for M = M (Mz) > 0. So we find that

Bo={u:ue W5(2)N Lay1(2), lullwi@)nLai@ < M}

is an absorbing set in W3 (€2) N Ly41(Q).
Case (b): Consider case (b) in (14). By making similar operations and using Theorem 5.2, we
have

1
y(t) < SEK2(0 + K) + Ko
for all t > tg. So, we get the existence of a constant M3 = M3(K,d) > 0 such that
y(t) < Ms, Vit >t (16)

Consequently, from (13) and (16), we obtain that y(t) is decreasing and bounded by a constant
that is independent of ¢ for ¢ > tg.

Making some calculations, we obtain the existence of a constant
M3z = M3(K, 0,93, 94,3, || Pl Ly () |l Lo002)) > O such that

(camin{0, ko — 22} — collellzy @) — 261) ullds g + 20lul3 gy < Ms

holds for all ¢ > tg. So we find that for some constant ]\N4 = ]\N4 (Ms) >0,

~

Bi = {u:u€ W3 (2) N Las1(Q), llullws @nra @) < M}
is an absorbing set in W3 (€2) N Ly41(Q). O
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